We calculate the transverse momentum Q ⊥ dependence of the helicity structure functions for the hadroproduction of a massive pair of leptons with pair invariant mass Q. These structure functions determine the angular distribution of the leptons in the pair rest frame. Unphysical behavior in the region Q ⊥ → 0 is seen in the results of calculations done at fixed-order in QCD perturbation theory. We use current conservation to demonstrate that the unphysical inverse-power and ln(Q/Q ⊥ ) logarithmic divergences in three of the four independent helicity structure functions share the same origin as the divergent terms in fixed-order calculations of the angular-integrated cross section. We show that the resummation of these divergences to all orders in the strong coupling strength αs can be reduced to the solved problem of the resummation of the divergences in the angular-integrated cross section, resulting in well-behaved predictions in the small Q ⊥ region. Among other results, we show the resummed part of the helicity structure functions preserves the Lam-Tung relation between the longitudinal and double spin-flip structure functions as a function of Q ⊥ to all orders in αs.
I. INTRODUCTION
Production of a massive pair of leptons of opposite electric charge in hadronic interactions, h 1 + h 2 → ℓ + ℓ − X, has revealed new narrow hadronic states, notably the J/Ψ and the Υ, and it continues to provide an important complement to deep-inelastic lepton scattering and other hard-scattering processes for probing the short-distance dynamics of strong and electroweak interactions. The assumption that the broad continuum of ℓ + ℓ − pairs originates from quark-antiquark annihilation through a single virtual photon, as embodied in the Drell-Yan model [1] , implies that the angular distribution in the ℓ + ℓ − rest frame should be that of a transversely polarized photon, (1+cos 2 θ), where the polar angle θ is the direction of the lepton relative to the direction of the incident quark and antiquark. Acceptance restrictions limit measurements of the full angular distribution, but qualitative verification of this expectation was one of the early tests that increased confidence in the model [2] .
In practice, massive lepton pairs are produced with substantial transverse momentum Q ⊥ , supplied from a theoretical perspective by higher-order processes in perturbative quantum chromodynamics (QCD). An interesting challenge has been to predict how the angular distribution should behave as a function of Q ⊥ [3, 4, 5, 6, 7, 8, 9, 10, 11] . Indeed, this challenge is part of the more general ambition to predict the fully differential cross section dσ/dQdQ ⊥ dydΩ, where Q is the invariant mass of the lepton pair, y is its rapidity, and dΩ = d cos θdφ represents the differential decay angular * Electronic address: berger@anl.gov † Electronic address: jwq@iastate.edu ‡ Electronic address: rirodri@iastate.edu distribution in the pair rest frame with respect to a suitably chosen set of axes.
In addition to the virtual photon, the W boson and the Z boson also have important decay modes into pairs of leptons. The angular distribution of these leptons, measured in the rest-frame of the parent states, determines the alignment (polarization) of the vector boson and, consequently, supplies more precise information on the production dynamics than is accessible from the spinaveraged rate alone. An understanding of the changes expected in the angular distribution as a function of the transverse momentum Q ⊥ is a topic of considerable importance, both for refined tests of QCD and for electroweak precision measurements. An example of a QCD process is the flavor dependence of W production in polarized hadron-hadron scattering at the Brookhaven Relativistic Heavy Ion Collider (RHIC) [12] . Better understanding of the expected angular distributions will reduce the systematic uncertainties on the determination of the W boson mass [13, 14] and, in turn, improve the bound on the mass of the Higgs boson within the standard model of particle physics.
In this paper we consider the scattering of two hadrons of momentum P 1 and P 2 , respectively, producing a virtual photon of four-momentum q, A(P 1 ) + B(P 2 ) → γ * (q)+X, that decays into a pair of leptons of momentum l andl, as sketched in Fig. 1 . The ideas and techniques developed here can be applied readily to the production of W and Z bosons, as well as to other yet-to-be-observed massive vector bosons that decay into a pair of leptons. They are applicable also in semi-inclusive deep-inelastic scattering (SIDIS).
The general formalism for the description of the angular distribution in terms of helicity structure functions is developed for the Drell-Yan process in Ref. [4] . The differential cross section may be expressed as [4] +W ∆∆ (sin 2 θ cos(2φ)) .
The four independent "helicity" structure functions W T , W L , W ∆ , and W ∆∆ depend on Q, Q ⊥ , rapidity y, and on the center-of-mass energy √ S of the production process. They are defined in the virtual photon's rest frame. and they correspond, respectively, to the transverse spin, longitudinal spin, single spin-flip, and double spin-flip contributions to the Drell-Yan cross section.
The angular-integrated cross section is expressed in terms of W T and W L as
An interesting relationship W L = 2W ∆∆ between the longitudinal and double-flip structure functions is derived in Ref. [4] in the context of the parton model, and it has been shown to hold at least approximately at higher orders in perturbative QCD. Experimental tests of this relationship are reported in Ref. [15, 16, 17, 18, 19] . Our principal focus in this paper is the prediction of the full Q ⊥ dependence of the four structure functions, including the region of small and intermediate Q ⊥ where the cross section takes on its largest values. Many papers dealing with various aspects of Drell-Yan angular distributions have preceded ours. Explicit perturbative calculations were done in the parton model [3, 4] , in perturbative QCD at order α s [5, 6, 7, 8 ] and α 2 s [9] , as well as in high twist formalisms [20, 21] . When calculated at fixed order in QCD perturbation theory, the structure functions show unphysical inverse-power Q −n ⊥ (n = 1 or 2) or logarithmic ln(Q/Q ⊥ ) divergences, or both, as Q ⊥ → 0. For the angular-integrated cross section, dσ/d 4 q, it is well established that similar unphysical divergences can be removed after resummation of the ln m (Q 2 /Q 2 ⊥ )/Q 2 ⊥ singular terms from initial-state gluon emission to all orders in α s [22, 23, 24, 25] .
Examinations of the singular logarithmic terms in the helicity structure functions are reported in Refs. [10, 11, 13, 14] . Since only W T shows the ln
⊥ divergence, previous resummation calculations were carried out only for W T in the same way as for the angularintegrated cross section. As shown in Refs. [10, 13, 14] , resummation removes the perturbative power divergence in W T . One consequence of resummation of just W T is a large change in the relative size of W T and the helicity structure functions for which no resummation is performed. This result is not quite consistent with general expectations about the relative size of helicity structure functions in the Collins-Soper frame. For example, one expects [25] . They also discuss the frame dependence of this logarithmic contribution.
The present paper expands on our earlier short manuscript on the same subject [27] . We start with the observations that the four helicity structure functions cannot be independent at Q ⊥ = 0 and that the general tensor decomposition in the virtual photon rest frame in Eq. (4) is ill-defined at Q ⊥ = 0. Then, guided by electromagnetic current conservation, we construct a new asymptotic form for the hadronic tensor with the right degrees of freedom as Q ⊥ → 0. We find that the leading logarithmic behavior of the different helicity structure functions, W T , W L , and W ∆∆ , has a unique origin. We reduce the problem of transverse momentum resummation for W T , W L , and W ∆∆ to the known solution of transverse momentum resummation for the angular-integrated cross section [25] , and we prove that the logarithmic divergences in W T , W L , and W ∆∆ may be resummed to all orders in the strong coupling strength α s , yielding well behaved predictions that satisfy the expected kinematic constraints at small Q ⊥ . We emphasize three main results of our research:
• Current conservation uniquely ties the perturbative divergences as Q ⊥ /Q → 0 of the otherwise independent helicity structure functions W T , W L , and W ∆∆ to the divergence of the angular-integrated cross section.
• The perturbative divergence in the angularintegrated cross section is sufficient to remove all leading divergences of the four individual helicity structure functions.
• Transverse momentum resummation of the angular-integrated cross section determines the resummation of the large logarithmic terms of the helicity structure functions W T , W L , and W ∆∆ , and the approximate Lam-Tung relation is an all-orders consequence of current conservation for the leading perturbatively divergent terms.
The rest of our paper is organized as follows. In Sec. II, we define the helicity structure functions, and we derive the QCD perturbative contributions at order α s . We work in this paper entirely in the context of collinear QCD factorization [28] , meaning that Q ⊥ > Λ QCD , although Q ⊥ /Q may be small. We examine in detail the leading behavior of the perturbative contributions to the helicity structure functions in the limit of small Q ⊥ /Q. In Secs. III and IV, we investigate the generic singular structure of the perturbative contribution to the Drell-Yan hadronic tensor, and we derive an asymptotic current-conserving tensor that explicitly includes all the leading divergences of the perturbatively calculated helicity structure functions in the limit Q ⊥ /Q → 0. We also explore the connection between cross sections for incident parton states of fixed helicity and the subleading perturbative contribution to the spin-averaged helicity structure functions. We discuss all-orders transverse momentum resummation for helicity structure functions in Sec. V obtaining well-behaved distributions as a function of Q ⊥ . We show that the resummed part of the helicity structure functions satisfies the Lam-Tung relation, W L = 2W ∆∆ , between the longitudinal and the double-spin-flip structure function to all orders in α s . Finally, in Sec. VI, we offer a summary and our conclusions, and we outline plans for future work on W and Z hadroproduction and in semi-inclusive deep-inelastic scattering. Three appendices are included in which we present detailed technical derivations of points discussed in the main body of the text.
II. HELICITY STRUCTURE FUNCTIONS AND PERTURBATIVE CONTRIBUTIONS
In this section, we define the helicity structure functions of Eq. (1). We present the next-to-leading order perturbative contributions to these functions and examine the structure of the singular behavior of each helicity structure function W i as Q ⊥ /Q → 0.
A. Definition and normalization
Helicity structure functions are defined in the virtual photon's rest frame. Let ǫ µ λ (q) be the virtual photon's polarization vector with three polarization states, λ = ±1, 0. The helicity structure functions are
for the transverse spin, longitudinal spin, single spin-flip, and double spin-flip contributions to the Drell-Yan cross section, respectively. In the virtual photon rest frame (the center-of-mass frame of the dilepton pair), the polarization vectors can be expressed in terms of orthogonal unit vectors in that frame, X µ , Y µ , and Z µ , as ǫ
. These unit vectors are normalized as X 2 = Y 2 = Z 2 = −1, and they are also orthogonal to the current vector q µ . They conserve the current, q µ X µ = q µ Y µ = q µ Z µ = 0. Naturally, we can choose the fourth unit vector for the q = 0 Lorentz frame to be T µ = q µ /Q with T 2 = 1 and Q = q 2 . The full Drell-Yan hadronic tensor can be written in terms of the helicity structure functions and unit vectors in the virtual photon rest frame as [4] 
Different choices of the axes lead to different q = 0 frames [4] . We choose to work in the Collins-Soper frame [26] , whose unit vectors are defined as,
where the dimensionless current conserving hadron momenta are P
, and q Pi ≡ P i · q/ √ S with i = 1, 2. We present our derivation and predictions on helicity structure functions in this Collins-Soper frame. Transformation of our results to other commonly used frames is simply a rotation around the Y -axis [4, 11] .
When the virtual photon mass Q and its transverse momentum Q ⊥ are much larger than Λ QCD , we expect QCD collinear factorization to be valid for the Drell-Yan cross section [28] . Neglecting the transverse momentum of partons participating in the hard collisions, we write the incident parton momenta as
Neglecting all corrections suppressed by powers of Λ QCD /Q or Λ QCD /Q ⊥ , we can factor the hadronic tensor as
with incoming parton distributions φ f (ξ) of flavor f and momentum fraction ξ. The short-distance partonic tensor is
At the most basic level, a massive virtual photon arises from quark-antiquark annihilation q +q → γ * in a collision of hadrons, and it is produced with Q ⊥ = 0. The corresponding partonic tensor is
with color factor 1/3 and fractional quark charge e q . The unit vectors aren µ = δ µ+ and n µ = δ µ− , and
The lowest order helicity structure functions from→ γ * are
First-order gluon radiation supplies finite Q ⊥ , through the quark-antiquark and quark-gluon subprocesses, q + q → γ * + g and q + g → γ * + q, as sketched in Figs. 2 and 3, respectively. Perturbatively, these finite-order subprocesses yield singular differential cross sections as a function of Q ⊥ in the limit Q ⊥ /Q → 0. For the angularintegrated cross section, dσ/d 4 q, it is well established that this unphysical divergence can be removed after resummation of the singular terms from initial-state gluon emission to all orders in α s [25] . The dependence of the helicity structure functions on Q ⊥ is our central focus in the rest of this manuscript.
B. Order αs contribution
In this section we present explicit expressions for the contributions at order α s to the four helicity structure functions from the two subprocesses→ γ * g and qg → γ * q. Although some of the perturbative results are available in the literature, we present for completeness in Appendix B and C, the details of the perturbative calculation in a consistent notation for the spin-averaged and "polarized" contributions to the parton-level helicity structure functions in the Collins-Soper frame.
To better identify the analytic behavior as Q ⊥ /Q → 0 of the perturbative contributions, we express the results in terms of two new variables, The parton-level Mandelstam variables defined in Eq. (B3) in Appendix B are expressed aŝ
and
In the following subsections, we present our calculation for spin-averaged and polarized incident partons, with our specification of polarized states presented below.
Spin averaged quark-antiquark annihilation
As derived in Eq. (B5) in Appendix B, the contribution to the parton-level helicity structure functions from the quark-antiquark annihilation subprocess, after averaging over the spins of the incident quark and antiquark, are
Feynman diagrams for quark-gluon scattering to produce a virtual photon plus a quark.
The color factor is written as 4/9 = (1/3) × C F , with (1/3) being the color factor for the lowest order contribution in Eq. (9), and C F = 4/3. With the exchange of z 1 and z 2 (ort andû), Eq. (14) is also valid for the antiquark-quark scattering subprocess, except for w∆ which acquires an extra overall minus sign that arises from the minus sign in the expression for w ∆ in Eq. (A12).
The phase space δ-function can also be expressed in terms of the new variables as
2. Spin-averaged quark gluon scattering
As derived in Eq. (B8) in Appendix B, the contributions from the quark-gluon subprocess, after an average over the spins of the initial quark and gluon, are
The color factor is written as 1/6 = (1/3) × T R with T R = 1/2. With z 1 and z 2 switched, Eq. (16) is also true for the gluon-quark scattering subprocesses, except for w gq ∆ which acquires an extra overall minus sign that arises from the minus sign in the expression for w ∆ in Eq. (A12).
Expressions for polarized incident partons
The behavior at small Q ⊥ /Q of the parton-level helicity structure functions is sensitive to the helicity states of the incoming partons. We present here the perturbative contribution to the helicity structure functions from the q+q → γ * +g and q+g → γ * +q subprocesses with initialstate (anti)quark and gluon in a fixed helicity state. For a quark of momentum p, the helicity projection operator is
where the first term on the right-hand-side (RHS) corresponds to the projection for a spin-averaged quark state, while the second term corresponds to the projection for a polarized quark state, defined as the state with incoming quark polarization projected onto the difference of the quark's helicity states. Similarly, the helicity projection operator for a massless gluon of momentum p moving in either the light-cone "+" or "−" direction is
where the transverse tensor
αβρσn ρ n σ . the first term on the RHS again corresponds to the projection for a spin-averaged and physically polarized gluon state, while the second term corresponds to the projection to a polarized gluon state, defined as the state with incoming gluon polarization projected onto the difference of the gluon's physically polarized states.
The contribution with a mixed unpolarized and a polarized parton state leads to an antisymmetric contribution to the hadronic tensor W µν , and it does not contribute to the Drell-Yan angular distribution. The sum or difference of our unpolarized and polarized contribution correspond to the contributions from initial-state partons of the same or different fixed helicity state. Equation (C1) in Appendix C shows that the polarized quark-antiquark contributions to the helicity structure functions are the same as the unpolarized contributions,
with all unpolarized contributions given in Eq. (14) .
In treating quark-gluon scattering, we present results separately for the quark gluon and gluon quark initial states. Equation (C5) in Appendix C provides the contribution from the quark-gluon scattering subprocess with polarized initial-states:
As shown in Eq. (C8) of Appendix C, the contribution from the gluon-quark scattering subprocess with polarized initial-states is
We note that other than for ∆w gq ∆ , the contributions from the gluon-quark subprocess are effectively the same as those from the quark-gluon subprocess, with z 1 and z 2 switched.
In this subsection, we examine the analytic behavior of each parton-level helicity structure function as Q ⊥ /Q → 0. Keeping up to the leading power terms, we can simplify the parton-level Mandelstam variables and the phase space δ-function aŝ
The expression forŝ is an immediate consequence of the phase space δ-function, which, in turn, can be expanded as [29] 
Substituting Eqs. (22) and (23) into Eqs. (14) and (16), we obtain the analytic behavior of the perturbatively calculated parton-level helicity structure functions as Q ⊥ /Q → 0. For the quark-antiquark annihilation process, these are
For the quark-gluon subprocess, the small Q ⊥ behavior is
The parton-to-parton splitting functions are
With z 1 and z 2 switched, Eq. (26) is also true for the gluon-quark subprocess, except for w gq ∆ which needs an extra overall minus sign. Our results for the form of the helicity structure functions for unpolarized incoming partons as Q ⊥ /Q → 0 in Eqs. (25) and (26) are consistent with those derived in Ref. [11] . Equation (19) allows us to conclude that, at this order, the analytic behavior of the quark-antiquark annihilation subprocess as Q ⊥ /Q → 0 is independent of whether incoming (anti)quarks are spin-averaged or polarized. The contributions to the parton-level helicity structure functions are given in Eq. (25) .
On the other hand, the polarized contributions from quark-gluon scattering subprocess are different from those for "spin-averaged" initial parton states. From Eq. (20), we obtain
where ∆P qg (z) is the leading polarized gluon-to-quark splitting function
Similarly, based on Eq. (21), the small Q ⊥ behavior of the polarized gluon-quark contribution is
Clearly, the perturbatively calculated helicity structure functions at order of α s and beyond are singular as Q ⊥ /Q → 0: W T and W ∆ have the power divergences, Q 2 /Q 2 ⊥ and Q/Q ⊥ , respectively, as well as ln(Q/Q ⊥ ) divergences, whereas W L and W ∆∆ show ln(Q/Q ⊥ ) divergences [10, 11, 13, 14] .
III. ASYMPTOTIC CURRENT CONSERVING TENSOR
In this section, we investigate the possible connection between the logarithmic divergences of different helicity structure functions, and we show that they have a common origin. We observe that the four helicity structure functions cannot be independent as Q ⊥ = 0 where the general tensor decomposition in the virtual photon rest frame in Eq. (4) is ill-defined. We construct a new asymptotic hadronic tensor that has the right number of independent scalar functions as Q ⊥ → 0 by requiring that the singular contribution to the hadronic tensor should satisfy electromagnetic current conservation to all orders in α s . We show explicitly that the Q ⊥ /Q → 0 singular contributions in W T , W L , and W ∆∆ are related uniquely to the singular contribution of the angular-integrated cross section.
The general arguments in Ref. [26] show that there should be only two independent power-divergent scalar functions as Q ⊥ /Q → 0 in the Collins-Soper frame. To display the explicit dependence of the hadronic tensor on Q ⊥ /Q, we rewrite the unit vectors of the Collins-Soper frame in Eq. (5) as
with Y µ uniquely fixed. By expanding the full Drell-Yan hadronic tensor in Eq. (4) and using Eq. (32) in the limit Q ⊥ /Q → 0, we obtain the following form for the singular terms of the tensor [27, 30] 
At this point, there are two unspecified divergent scalar functions: Eq. (33) , the unit vectorsn, n, n ⊥ specify the center-of-mass frame of the hadron collision, defined in Appendix A.
The singular tensor as Q ⊥ /Q → 0 in Eq. (33) is not current conserving since q µ W µν Sing = 0. In order to resum the singular terms of the hadronic tensor to all orders in α s , we require a tensor that incorporates all the singular terms and also conserves the current perturbatively at any order of α s . We use the term asymptotic tensor for this current-conserving tensor. We define it to be
where the components of the virtual photon momentum Q + = q · n and Q − = q ·n are defined in Appendix A. The asymptotic tensor in Eq. (34) 
Asym of the angular-integrated DrellYan transverse momentum distribution [25] . This statement allows us to fix uniquely the asymptotically divergent function W Asym 2 in Eq. (34) . We obtain
The angular-integrated cross section fixes the value of W Asym 2
, but it cannot fix the second scalar function W Asym 1 in Eq. (34) . This second function represents the singular perturbative behavior of the structure function W ∆ . We defer discussion of W ∆ until Sec. V and concentrate on transverse momentum resummation for the other three helicity structure functions, W T , W L , and W ∆∆ .
We reexpress the asymptotic tensor in terms of the previously defined unit vectors in the Collins-Soper frame as
Upon comparison with Eq. (4), we immediately derive the corresponding asymptotic helicity structure functions,
Equation (37) shows that current conservation relates the Q ⊥ /Q → 0 divergent terms of the transverse, longitudinal, and double-spin flip structure functions intimately to the divergent part of the angular-integrated transverse momentum distribution. The next key question, addressed affirmatively in the next section, is whether the asymptotic helicity structure functions in Eq. (37), as derived here, are sufficient to remove all the leading divergences in the perturbatively calculated structure functions order by order in α s .
IV. PERTURBATIVE FINITE TENSOR
We show in this section that the three asymptotic helicity structure functions presented in the last section include all the Q ⊥ /Q → 0 leading divergent terms of the corresponding perturbatively calculated helicity structure functions, and therefore, that we can define a perturbatively finite tensor from the difference
at any order of α s . This finite tensor conserves the current since the asymptotic tensor conserves the current. The Q ⊥ /Q → 0 divergent part of the angularintegrated cross section is obtained from the trace of the hadronic tensor g µν W µν . Applying this statement at the parton level, we use the results of Sec. III to derive the Q ⊥ /Q → 0 asymptotic terms for the angular-integrated and spin-averaged→ γ * g and qg → γ * q subprocesses. These are
Using Eq. (37) at the parton level, we find that as Q ⊥ /Q → 0, the parton-level asymptotic terms in Eq. (39) remove all divergent contributions of the corresponding perturbatively calculated helicity structure functions. For the quark-antiquark annihilation subprocess,
For the quark-gluon subprocess,
With z 1 and z 2 interchanged, Eq. (41) is also true for the gluon-quark subprocess. Other than the non-logarithmic finite piece (as Q ⊥ /Q → 0) in the quark-gluon contributions to W L and W ∆∆ , the asymptotic tensor completely removes the leading term of the perturbatively calculated helicity structure functions as Q ⊥ /Q → 0. The parton-level asymptotic terms for the polarized quark-antiquark, quark-gluon, and gluon-quark subprocesses are
Since ∆ω 40) is true also for the polarized quark-antiquark subprocess.
The finite contributions in the parton-level helicity structure functions for polarized quark-gluon or gluonquark subprocesses are not the same as those for the corresponding unpolarized subprocesses. We find
With z 1 and z 2 interchanged, Eq. (43) is also true for gluon-quark subprocess. The uncanceled finite term in the helicity structure functions W L and W ∆∆ is proportional to
for unpolarized initial partonic states, and to
for the polarized initial partonic states. Therefore, for the scattering of two polarized hadrons with the same helicity (both positive or negative), the quark-gluon contribution to the perturbatively finite term of the helicity structure functions W L and W ∆∆ vanishes as Q ⊥ /Q → 0. This result is obtained because the perturbative contribution to the longitudinal and double-spin flip helicity structure functions is proportional to P qg (−z 2 ) + ∆P qg (−z 2 ) in the limit of Q ⊥ /Q → 0, the corresponding asymptotic term is proportional to P qg (z 2 ) + ∆P qg (z 2 ), and the difference vanishes due to Eqs. (44) and (45). We also observe that, at this order, the uncanceled term in the quarkgluon subprocess is proportional to the helicity flipping splitting function,
The finite term as Q ⊥ /Q → 0 for the quark-antiquark subprocess at this order is removed completely by the asymptotic term since the helicity flipping splitting function for the quark vanishes at this order, P q − q + (z) = P q + q − (z) = 0. Our observations allow us to claim that transverse momentum dependent factorization for the full hadronic tensor, which is the basis for the Collins-Soper-Sterman b-space resummation, breaks at subleading power in the Q ⊥ /Q expansion, but only in the helicity flipping channel. The breaking seems not to supply leading logarithmic terms.
The asymptotic current-conserving tensor introduced in last section is sufficient to remove all leading divergent terms in the perturbatively calculated hadronic tensor. The logarithmic terms in the perturbatively calculated helicity structure functions, W T , W L and W ∆∆ , are shown here to have the same origin as those in the angular-integrated cross section. Therefore, for these helicity structure functions we can obtain a perturbatively finite difference as
with i = T, L, ∆∆.
V. FULL HADRONIC TENSOR INCLUDING TRANSVERSE MOMENTUM RESUMMATION
In this section we present expressions for the transverse momentum dependence of the structure functions incorporating resummation to all orders in α s of the singular divergent behavior as Q ⊥ /Q → 0 and including the contributions at order α s that are finite in the small Q ⊥ limit. We begin first with a brief summary of the resummation formalism developed for the angular-integrated cross section.
As explained above, when Q ⊥ ≪ Q, the Q ⊥ distribution of the helicity structure functions calculated in conventional fixed-order perturbation theory receives a large logarithmic term, ln(Q/Q ⊥ ), at every power of α s , which is a direct consequence of the emission of soft and collinear gluons from the incident partons. Therefore, when Q ⊥ /Q is sufficiently small, the convergence of the conventional perturbative expansion in powers of α s is impaired, and the logarithmic terms must be resummed.
Resummation of the large logarithmic terms can be carried out either in Q ⊥ -space directly, or in the impact parameter, b-space, which is the Fourier conjugate of Q ⊥ -space. It was first shown by Dokshitzer, Diakonov, and Troian that in the double leading logarithm approximation, the dominant contributions in the small Q T region can be resummed into a Sudakov form factor [22] . By imposing transverse momentum conservation without assuming strong ordering in the transverse momenta of radiated gluons, Parisi and Petronzio introduced a bspace resummation method which allows one to resum some subleading logarithmic terms [23] . Using a renormalization group equation technique, Collins and Soper improved b-space resummation to resum all terms as singular as ln [24] . Using this renormalization group improved b-space resummation, Collins, Soper, and Sterman (CSS) derived a formalism for the transverse momentum distributions of vector boson production in hadronic collisions [25] . This CSS formalism, developed originally for angular-integrated vector boson production, casts the cross section in the following generic form [25] 
The function W provides the dominant contribution when Q ⊥ ≪ Q, while the Y term supplies contributions that are negligible for small Q ⊥ but become important in practice when Q ⊥ ∼ Q. The function W in Eq. (48) incorporates all powers of large logarithmic contributions from ln(1/b 2 ) to ln(Q 2 ). It has the following form [25] 
where c is a constant of order one [25] , and , x 1 , x 2 ) gives a good description of heavy vector boson production at collider energies [31, 32] .
The transverse momentum dependence of the angular distribution of leptons from the Drell-Yan mechanism is determined by the transverse momentum dependence of the helicity structure functions. Only the transverse structure function W T has a leading divergence of the type ln
It might be natural to consider the resummation of these large logarithms into W T [10, 13, 14] . However, as we demonstrate in Eqs. (34) and (36), electromagnetic current conservation requires that the leading logarithmic divergences of the structure functions W L and W ∆∆ share the same origin as those in W T and those in the angular-integrated cross section. All are included in one asymptotic function, W Asym . Resummation of the large logarithmic terms of the Drell-Yan helicity structure functions can therefore be accomplished in terms of the resummed contribution to the angular-integrated Drell-Yan cross section. Referring to Eq. (37), we obtain the resummed contribution to the helicity structure functions in the Collins-Soper frame as
All depend on the same QCD resummed expression W Resum that pertains to the angular-integrated DrellYan cross section [25] . By comparing Eq. (48) with Eq. (2), we obtain
(52) In analogy to the CSS result for the angular-integrated cross section in Eq. (48), the expressions for the full transverse momentum distribution of the helicity structure functions are
with the asymptotic term in these expressions equal to the perturbative expansion of the resummed contribution in powers of α s . As in the case of the angular-integrated cross section, these expressions are applicable for Q > ∼ Q ⊥ . Other effects must be considered when Q ⊥ ≫ Q [33, 34, 35] .
Substituting the expressions for the helicity structure functions W T and W L from Eq. (53) into Eq. (2), we obtain
Using Eq. (48), we find that the perturbatively finite Yterm is
The Lam-Tung relation states that the longitudinal and the double-spin-flip structure functions obey the equality W L = 2W ∆∆ . Based on Eqs. (37) and (51) and the definition in Eq. (53), we find that possible violation of the relation can come only from the non-singular finite piece of the perturbative contribution. The resummed contribution is known to dominate the angularintegrated cross section in the region of small and modest Q ⊥ , and, by extension, we expect it to dominate the behavior of W L and W ∆∆ in the same region. We conclude that violation of the Lam-Tung relation as a function of Q ⊥ should be relatively small, consistent with the results of perturbative calculations at order α 2 s [9] , but demonstrated here to all orders in α s .
An alternative way to state the Lam-Tung relation is in terms of the angular coefficients λ and ν, defined in Eq. (A15). It is expressed as 1 − λ − 2ν = 0. We derive
The analytic expressions in Eq. (56) were derived first in Ref. [8] based on the perturbative calculation of→ γ * g. Our result is valid for all orders in α s if we retain only the leading resummed contribution, and it is independent of the type of incident hadrons.
A recent analysis of Fermilab data shows reasonable agreement with the Lam-Tung relation for moderate values of Q ⊥ [19] , while early data with pion beams show some violation [15, 16, 17, 18] .
B. Phenomenological example
As an example, we show in Fig. 4 an explicit numerical evaluation of the helicity structure functions W T and W L computed from Eq. (53). The double spin-flip structure function W ∆∆ = W L /2 since both the resummed contributions and the finite perturbative contributions at order α s satisfy this relationship. We choose the mass interval 8 GeV ≤ Q ≤ 9 GeV and E beam = 800 GeV in order to compare with data from Fermilab experiment E772 [36] . The parameters we use are identical to those used for Fig. 14 in Ref. [32] .
The dashed and dot-dashed lines in Fig. 4 represent the W T and W L contributions to the cross section, while the total contribution is proportional to 2W T + W L . We remark that the transverse momentum distribution after resummation is finite as Q ⊥ → 0 for W T , but it becomes vanishingly small in the case of W L .
C. Discussion of W∆
As shown in Sec. III, the perturbative contribution to the single spin-flip structure function W ∆ is proportional to Q/Q ⊥ , which is singular as Q ⊥ /Q → 0. Unlike the other helicity structure functions, W ∆ does not show a logarithmic divergence in the Collins-Soper frame, a feature that seems special for this frame [11] . The absence of the divergence could be a consequence of the symmetry of the frame with respect to the hadron beam directions, which requires W ∆ ∝ W 1 e −2y − W 2 e 2y in Eq. (A9), and the fact that the leading logarithms arise from the region of phase space where z 1 → 1 and z 2 → 1.
In this frame, the quark-antiquark contribution to W ∆ is completely antisymmetric in z 1 and z 2 because of the opposite sign between the W 1 and the W 2 terms above. The quark-gluon (or gluon-quark) contribution is proportional to 1 − z 2 (or (1 − z 1 ) ). The asymmetry in z 1 and z 2 strongly reduces the numerical size of these contributions when Q ⊥ = 0.
The combination of the quark-antiquark and antiquark-quark subprocesses gives the following perturbative contribution to W ∆ ,
(57) This contribution vanishes in the central region for collisions between hadrons of the same type. The quark-gluon contribution also shows a similar asymmetry between z 1 and z 2 ,
Collinear factorization in the perturbative calculation ceases to be valid when Q ⊥ ∼ Λ QCD or less. At Q ⊥ = 0, the helicity structure function W ∆ itself is ill-defined. We might still be able to test the physics of the single spin-flip structure function in the small Q ⊥ region by introducing a new observable, for example, the first moment of the structure function,
which is perturbatively more stable if Q T is large enough. Is it possible that a different kind of resummation would handle the non-physical Q −1 ⊥ divergence at Q ⊥ = 0 in W ∆ ? We do not have an answer to this question in the collinear QCD factorization approach. However, we might gain insight by investigating the angular distribution from another perspective -starting with transverse momentum dependent quark-antiquark annihilation [3, 37] .
VI. SUMMARY AND DISCUSSION
Massive virtual photons, the W boson, and the Z boson have important decay modes into pairs of leptons.
The angular distribution of these leptons, measured in the rest-frame of the parent states, determines the alignment (polarization) of the massive vector boson and, consequently, supplies more precise information on the production dynamics than is accessible from the angularintegrated rate alone. An understanding of the expected angular distribution is also important for estimating corrections associated with limited angular acceptance in typical experiments. The changes expected in the angular distribution as a function of the transverse momentum Q ⊥ of the vector states is a topic of considerable interest, both for refined tests of QCD and to reduce systematic uncertainties on the determination of the W boson mass [13, 14] .
In this paper, we calculate the transverse momentum Q ⊥ dependence of the four helicity structure functions for the production of a massive pair of leptons with pair invariant mass Q. These structure functions determine the angular distribution of the leptons in the pair rest frame. We work within the QCD collinear factorization approach valid for Q ⊥ > Λ QCD . Our goal is the prediction of the full Q ⊥ dependence of the four structure functions, including the region of small and intermediate Q ⊥ where the cross section takes on its largest values.
As also noted by others, when calculated at fixed order in QCD perturbation theory, the structure functions show unphysical inverse-power Q −n ⊥ (n = 1 or 2) or logarithmic ln(Q/Q ⊥ ) divergences, or both, as Q ⊥ → 0. For the angular-integrated cross section, dσ/d 4 q, it is well established that similar unphysical divergences can be removed after resummation of the ln
⊥ singular terms from initial-state gluon emission to all orders in α s [22, 23, 24, 25] .
We begin our analysis with the observation that the four helicity structure functions cannot be independent at Q ⊥ = 0. The general tensor decomposition in the virtual photon rest frame in Eq. (4) is ill-defined at Q ⊥ = 0. Then, we employ electromagnetic current conservation to construct a new asymptotic hadronic tensor that has the right degrees of freedom as Q ⊥ → 0 and embodies the minimal divergent behavior present at fixed-order in QCD perturbation theory. We find that the leading logarithmic behavior of three of the helicity structure functions, W T , W L , and W ∆∆ , has a unique origin. Its origin is the same as that of the divergence in the angularintegrated cross section. We are able, therefore, to reduce the problem of transverse momentum resummation for W T , W L , and W ∆∆ to the known solution of transverse momentum resummation for the angular-integrated cross section [25] . We prove that the small Q ⊥ logarithmic divergences in W T , W L , and W ∆∆ may be resummed to all orders in the strong coupling strength α s , yielding well behaved predictions for the Q ⊥ dependences that satisfy the expected kinematic constraints at small Q ⊥ . The fourth structure function, W ∆ , requires a different treatment, as discussed in Sec. V.C.
The main results of our research include the fact that electromagnetic current conservation uniquely ties the perturbative divergences as Q ⊥ /Q → 0 of the otherwise independent helicity structure functions W T , W L , and W ∆∆ to the divergence of the angular-integrated cross section. Second, the perturbative divergence in the angular-integrated cross section is sufficient to remove all leading small Q ⊥ divergences of the individual helicity structure functions. Third, transverse momentum resummation of the angular-integrated cross section determines the resummation of the large logarithmic terms of the helicity structure functions W T , W L , and W ∆∆ . Finally, the approximate Lam-Tung relation between the longitudinal and the double-spin-flip structure functions is an all-orders consequence of current conservation for the leading perturbatively divergent terms.
In further work, we intend to examine the Q ⊥ dependence of W and Z boson production, where parity violating terms introduce additional helicity structure functions. Decay of these intermediate bosons into their dilepton channels supplies accurate measurements of the masses of the bosons. For W production, more accurate predictions for the angular distribution of the single observed lepton should complement the missing energy technique and lead to an improved determination of the mass. The mass of the W boson provides an electroweak observable that bounds the mass of the Higgs boson within the framework of the standard model of particle physics [38] .
The use of current conservation to establish connections between the divergences of different helicity functions at Q ⊥ → 0 in the Drell-Yan process may have immediate application for improving QCD resummation and predictions for particle production or other observables in semi-inclusive deep-inelastic scattering (SIDIS). Unlike the Drell-Yan process, the lepton angles in SIDIS cannot be integrated over fully because the measurement of the DIS kinematic variables x B and Q 2 requires specification of the production angle of the lepton in the final state. Like the Drell-Yan cross section, the different helicity structure functions in SIDIS have a ln m (Q 2 /q 2 ⊥ ) perturbative divergence at small values of the particle transverse momentum q ⊥ , defined in the frame where the vector boson and the colliding hadron are aligned with each other. All helicity structure functions contribute to particle production in SIDIS. Only the leading singular ln m (Q 2 /q 2 ⊥ )/q 2 ⊥ logarithms are resummed in existing QCD calculations [29, 39] . Inclusion of the effects of resummation for the individual structure functions, as described in this paper, should lead to more accurate predictions for SIDIS observables, such as particle energy flow and rapidity dependence, that could be sensitive to the relative size of the different helicity structure functions. In this appendix, we summarize the basic formalism for calculating the cross section for dilepton production in the Drell-Yan model and the angular distribution of the leptons. The expressions in this appendix also establish our notation.
We consider the scattering of two hadrons of momentum P 1 and P 2 , respectively, that produces a virtual photon of four-momentum q, A(P 1 ) + B(P 2 ) → γ * (q) + X, that in turn decays into a pair of leptons of momentum l andl, as sketched in Fig. 1 . The cross section for this Drell-Yan production process can be expressed as
The leptonic tensor is
and the hadronic tensor is defined as
where J µ is the electromagnetic current. Electromagnetic current conservation, q µ W µν = 0, and the fact that electromagnetic and strong interactions are invariant under the parity and time-reversal transformation, allows us to express the Lorentz tensor, W µν , in terms of four independent Lorentz scalar functions [4] . We choose the following four frame-independent scalar functions,
The dimensionless current-conserving tensor and the vectors are defined as
with q µ g µν = 0. Our choice of the four frameindependent scalar functions is slightly different from that in Ref. [4] . We find that this choice is convenient for connecting to the parton-level perturbative calculation discussed below.
By contracting the leptonic tensor L µν and hadronic tensor W µν in Eq. (A1), we can express the Drell-Yan cross section in terms of the four scalar functions W i and the measured hadron and lepton momenta.
The physical meaning of the scalar functions can be appreciated if we express them in terms of the four independent "helicity" structure functions, W i with i = T, L, ∆, and ∆∆, corresponding to the transverse spin, longitudinal spin, single spin flip, and double spin flip contributions to the Drell-Yan cross section [4] . The helicity structure functions are defined in the dilepton center-ofmass frame (the virtual photon's rest frame).
The full hadronic tensor in Eq. (A4) can be also written in terms of the helicity structure functions and unit vectors in the virtual photon rest frame as in Eq. (4) [4] . In this frame, the lepton momenta are
Substituting the hadronic tensor in Eq. (4) and the leptonic tensor in Eq. (A6) into Eq. (A1), one gets the differential cross section of Eq. (1). The frame-independent structure functions and the helicity structure functions are uniquely related to each other once we make a choice of the coordinate system, or the unit vectors, in the virtual photon rest frame. The unit vectors for the Collins-Soper frame are chosen as [26] 
The dimensionless current-conserving hadron momenta, P µ 1 and P µ 2 , are defined in Eq. (A5), and q Pi ≡ P i · q/ √ S with i = 1, 2. The hadron and the virtual photon momenta can be expressed in the center-of-mass frame of the collision as
with total center-of-mass collision energy √ S, Q + = (Q 2 + Q 2 ⊥ )/2 e y , and Q − = (Q 2 + Q 2 ⊥ )/2 e −y . In Eq. (A8),n µ = δ µ+ , n µ = δ µ− , and n µ ⊥ = δ µ⊥ are unit vectors that specify the light-cone coordinates of the collision center-of-mass frame, with n 2 =n 2 = 0, n 2 ⊥ = −1, n ·n = 1, and n ⊥ · n = n ⊥ ·n = 0. In the Collins-Soper frame, the helicity structure functions can be expressed in terms of the frame-independent structure functions in Eq. (A4) as 
From the QCD collinear factorization formalism for the hadronic tensor in Eq. (7) we obtain similar factorized relations for structure functions,
with i = T, L, ∆∆, ∆; and
with i = 1, 2, 3, 4. Using Eq. (A9), we derive the corresponding relation between the short-distance parton-level structure functions: 
APPENDIX B: PERTURBATIVE CONTRIBUTIONS FROM UNPOLARIZED PARTONIC STATES
In this appendix we summarize the perturbative contributions to the parton-level helicity structure functions for unpolarized initial-state partons.
Using the definition in Eq. (7), we derive the contribution to the parton-level hadronic tensor from the quarkantiquark annihilation diagrams in Fig. 2 , with unpolarized initial parton states. 
where 4/9 = (1/3) = 2π S δ(ŝ +t +û − Q 2 ) .
The parton-level Mandelstam variables arê
Using Eqs. (B1) and (A12), we obtain the parton-level frame-independent structure functions Similarly, we derive the contributions to the partonlevel hadronic tensor from the gluon-quark scattering diagrams. They are the same as those from the quark-gluon scattering diagrams with the momenta p 1 and p 2 (or equivalently witht andû, and ξ 1 and ξ 2 ) interchanged.
APPENDIX C: PERTURBATIVE CONTRIBUTIONS FROM POLARIZED PARTONIC STATES
In this appendix we summarize the perturbative contributions to the parton-level helicity structure functions for polarized initial-state partons, defined as the states with incoming parton polarization projected onto the difference of the parton helicity states.
Based on the same quark-antiquark annihilation diagrams in Fig. 2 , we find at this order that the contribution to the parton-level hadronic tensor from the scattering of a polarized incoming quark and antiquark is the same as that from the scattering of an unpolarized quark and antiquark, 
On the other hand, the quark-gluon scattering diagrams in Fig. 3 with polarized quark and gluon initial states give a contribution to the parton-level hadronic tensor that differs from that for scattering of an unpolarized quark and gluon, 
The contributions to the parton-level frame-independent structure functions are 
